Abstract-A mobile manipulator is at the present time a widespread term to refer to robot systems built from a robotic manipulator arm mounted on a mobile platform. A mobile manipulation system offers a dual advantage of mobility offered by a mobile platform and dexterity offered by the manipulator. In this work, the tracking and nonlinear disturbance decoupling problems are studied. We show that this system posses the necessary geometric structure for complete disturbance decoupling between the outputs and disturbances. Simulation results obtained for the mobile manipulator show good performance in the presence of significant disturbances using the designed nonlinear controller.
I. INTRODUCTION
In recent years, increasing attention has been paid to the control problems of robotic manipulators with more "complete" models and more dynamic effects taken into account for better performance. Mobile manipulators built from a robotic arm mounted on a wheeled mobile platform provide better capabilities for numerous tasks. A mobile manipulator combines the dextrous manipulation capability of the manipulator and the motility provided by the mobile platform. The integration of a manipulator and a mobile platform gives rise to many interesting issues. Investigations on their stability, control design, simulation and experimentation for different situations has been studied by a number of researchers [1] - [3] .
Yamamoto and Yun [4] studied the effect of the dynamic interaction between the manipulator and the mobile platform on the task performance, and showed that the system was feedback linearizable under the appropriate nonlinear change of coordinates. The manipulator tracks a desired trajectory in a fixed reference frame. Their objective was to compensate the dynamic interaction through a nonlinear feedback to improve the performance of the overall system. The motion's equations of the mobile manipulator were obtained. A state space formulation was presented, motion equations and a constraint equation were considered. A nonlinear feedback controller was designed to compensate for the dynamic interaction. A modular approach of his analysis was presented in [5] which includes a detailed proof of the functional dependence of some of the dynamic terms of the equations. In this work, that methodology will be extended in studying a mobile manipulator in which we will include external force disturbances into the system.
As mentioned, the modeling and design of nonlinear disturbance decoupling control for the wheeled mobile manipulator is addressed. The final goal of the disturbance decoupling is to find a state feedback law such that the output is unaffected by the disturbance. These disturbances can be external forces on the system as environmental loads. Related work on disturbance decoupling have been studied on robotic manipulators and mobile platforms in [6] , [7] .
In the following sections, we will present the dynamic equations of the mobile manipulator which are coupled. A state space representation of the equations will be presented. A nonlinear feedback controller will be designed, which includes disturbance decoupling. Simulation results are shown which include the position of the mobile manipulator during motion to follow a task trajectory, heading angles, joint-angles of the manipulator, etc. It will be shown that the outputs are satisfactorily decoupled from the disturbances.
II. MODELING EQUATIONS
The motion equation of the robotic manipulator subject to vehicle motion [4] , [5] can be extended to include external force disturbances, and it is given by
where
denotes the Lagrangian coordinates of the manipulator,   denotes the Lagrangian coordinates of the mobile platform.   is the inertia Matrix,  1 represents the Coriolis and centrifugal terms,  2 denotes the Coriolis and centrifugal terms caused by the angular motion of the platform.   is the input torque/force for the manipulator.   is the inertia matrix which represents the effect of the vehicle dynamics on the manipulator.    is an end-effector external force disturbance vector on the manipulator and    (  ) is the task space Jacobian matrix for the manipulator. Each term matrix/vector is presented in the Appendix.
UNCLASSIFIED
The motion equation of the mobile platform with a mounted manipulator [4] , [5] including external force disturbances is
where  1 and  1 are the mass inertia and the velocity dependent terms of the platform, respectively.  2 and  2 represent the inertial term and Coriolis and centrifugal terms due to the presence of the manipulator.   is the input torque/force to the vehicle.   is a constant matrix,  denotes the vector Lagrange multipliers corresponding to the kinematic constraints, and   represents the inertia matrix which reflects the dynamic effect of the arm motion on the vehicle.    is an external force disturbance vector on the mobile platform through its center and    (  ) is the moving space Jacobian matrix for the mobile platform. Each term matrix/vector is presented in the Appendix.
Combining the velocity and inertia terms in Eq. 1 and Eq. 2, respectively, the motion equations of the wheeled mobile manipulator are simplified to
A. Constraint Equations of the Mobile Platform
The following notation will be used in the derivation of the constraint and dynamic equations, as is illustrated in Fig. 1 .
• For the mobile platform, ( 0   0 ) are the coordinates of the point  0 which is the intersection of the axis of symmetry with the wheel axis in the inertial frame,  is half the distance between the wheels,  is the radius of each wheel,   and   are the angular positions of the right and left wheel, respectively. Also,
is the heading angle of the mobile robot measured from  -axis,  is the distance from  0 to the center of mass of the platform,   is the mass of the platform without the driving wheels,   is the moment of inertia of the platform without the wheels about a vertical axis through  0 .
• For the manipulator, where
are the coordinates of the base of the manipulator in the frame Σ  ,  1 and  2 are the joint angles of the manipulator,  1 and  2 are the arm lengths, respectively,   is the mass of each driving wheel and   is the moment of inertia of each wheel and the motor about the wheel diameter. The mobile platform is adopted to have two co-axial wheels driven by motors. It is assumed that the manipulator itself is nonredundant, that is, the degree of freedom of the manipulator is less than or equal to six. The constraint equations to which the platform is subjected are given in matrix form as
B. State Space Formulation of Motion Equations
The dynamics of the wheeled mobile manipulator are governed by motion Eqs. 3 and (  )  = 0, we proceed to represent them in the state space. Since the platform velocity is always in the null space of (  ) [4] according to (  )  = 0, it is possible to define a vector of generalized coordinates () such thaṫ
where (  ) is a 4 × 2 full rank matrix, whose columns are in the null space of
First, we differentiate Eq. 5, and we substitute the resulting expression for  into the first equation in Eqs. 3 which is multiplied by   , later, we proceed similarly using  into the second equation in Eqs. 3.
As a result, the system of equations is given by
, the system can be rewritten aṡ
The state space form of the system iṡ
III. FEEDBACK CONTROL AND DISTURBANCE DECOUPLING
We have followed the work of Yamamoto and Yun [4] in the derivation of the output equations, section A. Section B is the new work made for the disturbance decoupling problem.
A. Output Equations
A control system is fully described by the state equation and the output equation. The state equation of the mobile manipulator was obtained in the previous section. The output variables are the ones whose values are to be regulated by the design of a nonlinear feedback controller.
The desired task trajectory for the endpoint of the manipulator   in the frame Σ  is given by
The mobile manipulator shown in Fig. 1 has four inputs, two from the 2R manipulator and two from the mobile platform. We may have up to four output variables to be controlled. First, we select the output variables of the manipulator.   represents the actual location of the end point of the manipulator. The coordinates of   with respect to the platform coordinate frame Σ  are given by
The output variables for controlling the mobile platform are chosen next. The objective of the platform movement is to bring the manipulator into a preferred configuration. For this purpose, we pick the configuration with the maximum manipulability measure as the preferred configuration of the manipulator. The endpoint of the manipulator at the preferred configuration is denoted by   , called the reference point. The coordinates of   in Σ  are given by
We look to control the mobile platform in such a way that   is brought to   , so the manipulator is brought into the preferred configuration. Thus, we select the coordinates of   in the inertial frame Σ  , i.e.
to be the other two components of the output equation. The output equations for controlling the mobile manipulator are given by
B. Feedback Input-Output Linearization with Disturbance Decoupling
We have presented the dynamics of the mobile manipulator in the state space form and the output equatioṅ
Note that the vector field () models the disturbances. It has been shown that this system is nonholonomic [4] and it is not input-output linearizable as it is. Thus, to achieve inputoutput linearization a nonlinear feedback has to be employed. To simplify state Eq. 9 we applied the following feedback,
which simplifies the state equation aṡ
If the disturbance  is available for measurements one can use a control  = () + () + () [8] . Then decoupling the output from the disturbance it is possible.
The relative degree of the system is  = 2, that is the number of differentiations of each component of the outputs until the input explicitly appears in the derivative. Following the analysis of [8] , the control law solving the problem of decoupling  from  is given by
The nonlinear feedback is given by
The matrix Φ is presented in the Appendix. Applying this nonlinear feedback Eq. 13 into Eq. 12, we obtain a linear and decoupled input-output relationship
The input-output relationship is decoupled because each component of the reference input,   , controls one and only one component of the output   . To complete the controller design, it is necessary to stabilize each of the above four subsystem with another constant feedback. Therefore, the entire controller for the mobile manipulator consists of nonlinear feedbacks Eq. 11 and Eq. 13, followed by a linear feedback. We have used a PD computed-torque control law. We look for a desired trajectory   , which gives =  −   −    with the tracking error defined as  =  −   .
IV. SIMULATIONS
Computer simulations are conducted to evaluate the effectiveness of the controller. In the simulation, a task trajectory will be examined. The mobile platform is initially placed at the origin facing toward the positive -axis of the inertial frame. The initial head angle is zero, (0) = 0. The initial values ( = 0) of the variables are
. Platform and manipulator parameter values are given in Table I , we have used the values used in [4] . The entire system is assumed to be stationary at  = 0.
We have selected a linear task trajectory
are the coordinates of the manipulator end point in the inertial frame at the initial configuration.
   = 001m and    = −001m. The external force disturbance has been implemented as
We have investigated the following situation:
• Simulation I. In this simulation, we have investigated the effect of a force disturbance at some interval 40    70. The motion of the mobile manipulator is shown in Fig.  2 . The cart geometry and its center (+) are shown in Fig.  2 , the solid line represents the trajectory of the end-point of the manipulator.
The variables change during time and some of them are described next. The variations of the joint angles of the manipulator during time are shown in Fig. 3 . Initially angles oscillate, later they are damped asymptotically to a constant value. 
V. CONCLUSIONS
We have presented the motion control of a mobile manipulator with disturbance decoupling of an external force. First, we established a dynamic model which takes into account the dynamic interaction between the mobile platform and the mobile manipulator. We set up a nonlinear feedback controller law with disturbance decoupling and a linear control. This controller allows to the mobile platform to follow a desired trajectory even with disturbances. Finally, we conducted computer simulations, and the behavior of the variables of the problem was discussed.
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APPENDIX
The following equations present the detailed expressions for all of the terms contained in the equations of motion for the system in this paper. 
